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Abstract 

This is the second of two papers on the end-to-end distance of a weakly self- 
repelling walk on a four dimensional hierarchical lattice. It completes the proof 
that the expected value grows as a constant times VTlog» T ^1 + O y ^j^ jj ; 
which is the same law as has been conjectured for self-avoiding walks on the 
simple cubic lattice Z 4 . 

Apart from completing the program in the first paper, the main result is 
that the Green's function is almost equal to the Green's function for the Markov 
process with no self-repulsion, but at a different value of the killing rate (3 which 
can be accurately calculated when the interaction is small. Furthermore, the 
Green's function is analytic in j3 in a sector in the complex plane with opening 
angle greater than ir. 
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1 Introduction 



This paper is the second in a series of two papers in which we study the asymptotic 
end-to-end distance of weakly self-avoiding walk on the four dimensional Hierarchical 



lattice Q. The reader is referred to [BEI92] or the first paper [Bl], henceforth referred 



to as paper I, for definitions of these terms. Results from the first paper have the prefix 

In paper I we proved that the self-avoidance causes a log 1 / 8 T correction in the 
expected end-to-end distance after time T relative to the a/T law of a simple random 
walk. Paper I was devoted to the problem of how to recover the end-to-end distribution 
by taking the inverse Laplace transform of the Green's function, assuming that the 



Green's function has certain properties, which are proved in this paper in Theorem [TTT 
and Proposition [O . These properties are of independent interest and, with minor 
changes, should also hold for the Green's function for the simple cubic four dimensional 
lattice. We prove they hold for the hierarchical problem in this paper. 
The interacting Green's function is defined by the Laplace transform 

G x (P,x) = fe-^Eo (UT)= x e- x ^l*A d T, (1.1) 



where t x = ri is the time up to T that u> (t) is at site x. Our main result is Theorem |TTT 
It says that the interacting Green's function is almost equal to the Green's function for 
the Markov process, A = 0, but at a different value of the f3 parameter which depends on 
x and (j3, A) and which can be accurately calculated when A is small. The error in the 
approximation decays more rapidly than the Green's function because it contains, as 
a prefactor, the "running coupling constant" Xn(x)- Furthermore the Green's function 
is analytic in f3 in a sector in the complex plane with opening angle greater than w. 
This very large domain of analyticity seems to be needed for accurately inverting the 
Laplace transform to calculate the end-to-end distance. 
The main theorem refers to domains 

V p = {/5^0: | arg/3| < &„}; 



V x = {A : < |A| < 5 and |argA| < b x }- (1.2) 

For details see paper I, but, for example, we can choose (bp,b\) = |). The main 
theorem also refers to a recursion: given (/3 , Ao) we define the Renormalization Group 
(RG) recursion (/5j,Aj) in Sections § and ^ and establish the recursive properties in 
Proposition |6.1| . Having established these estimates, we know from paper I that the 
recursion has various properties. In particular, from Proposition 1.1.3, for each Ao in 
the domain there exists a special choice flo — /? c (Ao) for the initial f3 such that the 
RG recursion A n ) is defined for all n and (3^ — > 0. This should be viewed as a 
partial description of a stable manifold for the fixed point (0, 0), but note that our RG 
recursion is not autonomous because there are other degrees of freedom, for example, 
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the r in Section |], which have been projected out in this simplified description. We 
called (/3%, X n ) the critical trajectory. For (3 some other choice of initial data, we defined 
the deviation (3 n := j3 n — (3^ of its trajectory from the critical trajectory. The main 
result is 

Theorem 1.1. Let Ao G T>\ with 5 sufficiently small. Then G\ ((3q,x) is analytic in 
(3q in the domain T>$ + /3 c (Ao) and 

\G Xo (f3 ,x) - G (p eS , N ( x ),x)\ < O(\ N ( x ))\G (/3 eS , N ( x ),x)\. (1.3) 

Here N(x) = log |x| for x^O, N(Q) = 0, and f3 cSJ = L~ 2 ^j. 

This theorem and Proposition ^TT] are the two results needed to complete the results 
in paper I. 

The paper begins in Section [| with a review of an isomorphism that recasts the 
Green's function as an almost Gaussian integral with very special properties (super- 
symmetry). The virtue of this representation is that it leads to a precise definition of a 
Renormalization Group (RG) transformation which relates the Green's function with 
given interaction to a rescaled Green's function with smaller interaction. The RG trans- 
formation is defined in Section [I] and its effect on the interaction is further described 
in Section |4j. To use this RG transformation we need an approximate calculation of 
its effect on the interaction. This is carried out in Section [5| The proof of the main 
Theorem |1.1| is in Section 6. All the analysis in this paper is in Section |7|. The methods 



introduced there have several noteworthy features: (i) the demonstration that analysis 
with supersymmetric integrals containing differential forms = Fermions is possible ; 

(ii) the use of rotation of contours of integration in the supersymmetric integral to 
obtain the large domain of analyticity needed for inverting the Laplace transform; and 

(iii) simultaneous control over behavior in x and behavior in (3 both large and small. 
With Steven Evans we wrote an earlier paper [|BE192| on this same model which 

studied the Green's function but only at the critical value of the killing rate. Here we 
have opted for some repetition of ideas in that paper because we have since learned that 
the Grassmann algebras used in ||BEI92|| are natural differential forms and we wanted 



to incorporate this insight systematically. 



2 r Isomorphism 

In a precise sense that we will now review, the differential form 



^>x<Px + -^—d<p x d<p x 



represents the time r x a finite state Markov process occupies state x. The following is 
a distillation of ideas in papers ||McK80| , |PS80| , |Lut83| , [LJ 87 . 
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The forms d(f> x , d<p x are multiplied by the wedge product. To connect with notation 
in ||BEI92| , |BMM91|| , we set 

i) x = (2m)^ 2 d^ x , $ x = (27rz)^ 1 / 2 rf4, 

where (2ni)~^ is a fixed choice of square root. Let A be a finite set. Given any matrix 
A xy with indices x, y G A we define the even differential form 

S A = ^2<PxA xy (j)y + ^ ^ A xy4>y, (2-1) 

and then the exponential of this form is defined by the Taylor series 



-s A = e -E ^ (- ^ A *y W 



The series terminates after finitely many terms because the anticommutative wedge 
product vanishes if the degree of the form exceeds the real dimension 2|A| of C A . 

By definition j cA vanishes on forms that are of degree less than the real dimension 
of C A . For example, taking |A| = 1 and A xy = A > 0, we find that J c e~ SA = 1 because 
only the n = 1 term in the expansion of the exponential contributes and this term is 

-(2ni)- l A J e- M *d<f)d0=^ J J e~ A{u2W) du dv = 1, 

using <p = u + iv and difidcf) = —2idudv. Thus these integrals are self-normalizing. This 
feature generalizes: 

Lemma 2.1. Suppose that A has positive real part, meaning Re <t>xA X y<i>y > for 
<fr 7^ 0. Then 

e~ SA = 1, 

c A 

e~ SA <f) a <f) b = C ab , 



C A 



where C = A 



The second part of the lemma follows from the first part together with the standard 
fact that the covariance of a normalized Gaussian measure is the inverse of the matrix 



in the exponent. The first part is a corollary of Lemma given below. 
Let 

t x = 4> x <fi x + i^ x ^ x , 

and let r be the collection (t x ) x€ \. Given any smooth function F(t) defined on M A , we 
use the terminating Taylor series 



a 

a 
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to define the form F(t), where 00 = (4> x 4>x)xeA, {ip' l P) a — Yli^x^x) ^ ■ The even degree 
of t x relieves us of any necessity to specify an order for the product over forms. 

Super symmetry: There is a flow on C A given by <f) x i — ► exp(— 2nit)(j) x . This flow 
is generated by the vector field X such that X(4> x ) = —2iri<j) x and X(<j> x ) = 2ni<j) x . 
A form uj is invariant (under this flow) if it is unchanged by the substitution <p x i — ► 
exp(—27rit)(j) x . The Lie derivative £ju of a form uj is obtained by differentiating with 
respect to the flow at t = so invariance is equivalent to Cx^ = 0. 

Let %x be the interior product with the vector field X . The supersymmetry operator 
Wit92|, [AB84| 



Q = d + i x (2.2) 

is an anti-derivation on forms with the property that Q 2 = dix + ixd = £x is the Lie 
derivative. Therefore Q 2 = on forms u which are invariant. A form uj that satisfies 
the stronger property Quj = is said to be supersymmetric. For example Sa is super- 
symmetric and the derivation property implies that exp(— Sa) is also supersymmetric. 
Since Q4> x d<j) x = d<p x d(f) x + (2iri)<j) x <j) x , there is a form u x such that r x = Qu x . Sa is also 
in the image of Q. 

For any form u whose coefficients decay sufficiently rapidly at infinity, 

Qu = 0, 

c A 

because the integral of du is zero by Stokes theorem, while the integral of ixu is zero 
because it cannot contain a form of degree 2|A|. 

Let F e C^°(IR A ). Then J e~ SA F(\r) is independent of A, because the A derivative 
has the form 

/ e~ s - ( Ar )^ = f Q ( e ~ SA E F «- ( Ar ) u - 

Jc A x Jc A V x 

The compact support condition is a simple way to be sure that there are no boundary 
terms at infinity. Adequate decay of the integrand and its partial derivatives is all that 
is needed. If the exponential has better decay then there is no need for such a strong 
condition on F. Thus 

Lemma 2.2. If A has positive real part and F is smooth on M A with bounded deriva- 
tives, then 



f e~ SA F(r) = F(0). 
Jc A 



Part (1) of Lemma |2J] is obtained when F — 1. 

The following Proposition will be called the r isomorphism. It is the main result of 
this section. 
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Proposition 2.3. ^FS7S{ \McK8C\[ Suppose that A generates a Markov process with 



killing on first exit from A. Let E a (•) denote the associated expectation over paths 
u{t) such that u(0) = a. Let F e QT(IR A ), then 

n poo 

/ e- SA F(T)<j> a $ b = / t£TE (F(r)l w(r)=6 ). 
Jc A Jo 

On the right-hand side t x = rj is the time up to T that the stochastic process u(t) is 
at site x, 

T x = / l u{t)=x dt. 
Jo 

On the left-hand side it is the form <j) x <j) x + ^) x ^) x . 

As noted above, the compact support condition on F is stronger than necessary. The 
left-hand side is a linear combination of integrals that involve finitely many derivatives 
of F . It is still valid if these derivatives have adequate decay at infinity, as will be the 
case for functions used in this paper. 

Proof. We can assume, with no loss of generality, that Re ^2 (j) x A xy (f)y > when ^ 0, 
because both sides are unchanged by 

F(t) i-> F(t)e K ^ tx , A ^ A + kI. (2.3) 

Consider the special case where F(t) = exp(i ^2 k x r x ). Then 

e~ SA F(t) a fe = / e" 5 ^0 a b , (2.4) 
c A Jc A 

where K is the diagonal matrix k x 5 xy . By Lemma [2.1| the right-hand side equals 
(A — iK)ab which is 

/' OC /*00 

/ {e- T[A - lK \ b = dTE a (F(r) U T)=b ) ■ 
Jo Jo 

by the Feynman-Kac formula^] and F(t) = exp(i ^2 k x r x ) = exp(i J Q T ds). 

By ( |2.4| ) the proposition is proven for F(t) = exp(i^2k x r x ). Both sides of the 
proposition are linear in F so we can generalize to F G Qj° by substituting the Fourier 
inversion formula 



(r) = (27i)~ n J F(jfe)e <Efc " r 'd |A| A; 



into J exp(—SA)F(r)(j) a (j)b- Since the k and integrals, by (|2.3| ), are absolutely conver- 
gent, the integral over k may be interchanged with the integrals. □ 



1 The Feynman-Kac formula is given in Sim79[ for Brownian motion. The proof that uses the 



Trotter product formula is valid for finite state Markov processes. 
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3 Renormalization Transformations 



Since the r isomorphism is only applicable when the state space is finite we have to 
study the Green's function as a limit of processes with finite state spaces. 

Let N be a positive integer and let E A (•) be the expectation for the hierarchical 
Levy process u(t) killed on first exit from A = Gn- Define the finite volume interacting 
Green's function 

G A ({3, x) = £ e^ T E A (W)=,e- A ^ 2 ^) dT. (3.1) 

When A = 0, G A =0 (fi,x) is the (3 potential for the hierarchical Levy process u(t) 
killed on first exit from A = Gn- In this section we single out this important object 
with the notation U A (/3,x) = G A =0 ([3,x). 

Given a bounded smooth function g(t) we define a generalization of the Green's 
function 

poo 

G A ((3,x) = e-*X ( 9 a Ut)= x ) dT, (3.2) 
Jo 

where g A = Yl xe ^g(T x ). When g is the function g(t) = exp(— At 2 ) this is the Green's 
function (|3.1| ). By the r isomorphism, 

G$(P,x)= [ /i A (e^) A 0o0x, (3.3) 
Jc A 

where fj,\ is the Gaussian form exp(— Sa) with A equal to the inverse of U A with (5 — 0. 

Scaling: This is a transformation x t— > L~ l x that maps the hierarchical lattice to 
itself by identifying all points that lie in the same ball of diameter L in the hierarchical 
lattice so that they become a single point in a new hierarchical lattice. Thus it is the 
canonical projection (of groups), Qn — > Gn/Gi, rewritten as 

L~ l x = (..., x 3 , x 2 , xt), for x = (. . . , x 3 , x 2 , x 1 ,x ), 

which maps A = Gn to A/L := Gn-i- Associated to these lattices we have manifolds 
C A and C A//L . A point in C A is specified by (4>x)xeA- Scaling therefore maps a point cf> 
in C A / L backward to a point S<p in C A according to 

S(p x = {S<f)) x = L^(j) L -i x , 

so S(j) is constant on cosets x+Gi- The prefactor L _1 is put there to make the RG map, 
to be defined below, autonomous. Functions and forms on C A are mapped forward. For 
example, for x G A, d(p x is a form on C A . Under scaling we get 

S(d(j) x ) = L~ l d<p x/L , 



(3 



which is a form on C A//L . We define scaling on covariances by 

SC A / L (x,y) = (SC A ' L )(x,y) = L~ 2 C{L~ l x,L- l y). 

Covariances are functions on the lattices so they are mapped backwards. To summarize: 
the direction of maps may appear reversed, but observe that the projection A — > A/L 
induces a map backwards of manifolds C A / L — > C A because C x = map (X — > C) and 
so forms/functions on the manifold C A are mapped forward to forms/functions on the 
manifold C A / L . 

The renormalization group rests on the following scaling decomposition 

U A {(3, x) = SU A/L {L 2 {3, x) + T(J3, x). (3.4) 

The important properties of V defined by this formula are that V is positive semi-definite 
and finite range. In Appendix |B] we prove that 

T((3,x) = ^(Ws) - (3-5) 

T also has the inessential properties ^ T(j3, y) = 1 and T(/5, y) = T(j3, y') for y,y' ^ 
which lead to simplifications specific to this model, notably Lemma |3.5| . 

Let C xy with x, y G A be an invertible matrix and let A be the inverse of C xy . Define 
He = exp(— Sa)- According to Lemma pTT| , f fic4>a4>b = Cab whenever the inverse A 
has positive-definite real part. The T appearing in ( |3.4|) is only positive semi-definite 
because, as an operator on C A , it has the kernel S -1 consisting of all (fi x that are constant 
on cosets x + Qi, because J2 y ^x- y = 0. Let S C C A be the subspace orthogonal to the 
kernel of T. F restricts to the invariant subspace S. The restricted T is positive-definite 
and invertible. We choose coordinates ( in 5 by picking any basis and define /ir as a 
form on H using the inverse of T computed in this basis. The form /xr is independent 
of this choice of basis because forms are coordinate invariant. The matrix SU A ^ L also 
has no inverse, but by the same reasoning defines a form ^su K / L on "~ L - The action of 
S on covariances was defined so that 



Hsuu = J Hu<Su, (3.6) 

where U = U A ^ L and u is a form on on H 

Let g(0) = g a ,a{.<P)d(l) a d(f) a be a form on C A . Then + C) is a form on S -1 x S 
defined by pullback, i.e., substituting <fi + Q for 0. Define the form /ir * g on S -1 by 



^ r * g((/)) = fi r (C)g((j) + 0- 
The scale decomposition ( |3.4|) leads to the convolution property 

(iu{<t>)F(<t>)= [ ii S u{4>)liv*F{4>), (3.7) 



'c A 

which is valid for F((p) any smooth bounded form. This claim follows by changing 
variables (w, v ) = (0 + £, C) and integrating out w using Corollary |A.3 . 
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Definition 3.1. Define the linear operator Tp that maps forms on C A to forms on 
C A / L by 1> = Sfj, r *u. is called a renormalization group (RG) transformation. 



Proposition 3.2. 



C A J£ A / L 



Proof. By the r isomorphism, the covariance of the Gaussian /ia exp(— (3 J r) is the 
same as the covariance of \x\j when U has parameters A, f3. Therefore the two Gaussian 
forms are equal. By the convolution property ( p. 71) , f nuu = f Hsu * u where U in 
SU has scaled parameters A/L and L 2 f3. Apply ( |3.6| ). □ 

Lemma 3.3. commutes with the supersymmetry operator Q defined in Fur- 
thermore, ifu is an even super symmetric form on C x+Sl , then there is a unique function 
f such that Ypu = f(r x ). 



Proof. Q commutes with S because S is a pullback. By Lemma [A.2| , Q also commutes 



with integrating out. Thus [TTg, Q] = because /xr is supersymmetric. The existence 



of / follows from Lemma [A.4| . □ 
Let X be a subset of A. A form Fx is said to be localized in X if it is a form on 
C x . Since Gaussian random variables are independent if their covariance vanishes, we 
have the independence property 

fir * (F X G Y ) = (fir * F x ) Or * G Y ), 

whenever the hierarchical distance between X and Y exceeds the range of V . Given 
forms g x localized at single sites {x} let 



g x = ] I g x 



Then the independence property implies 



Tpg A = 11 Tpg x+Sl . {3 A 

xeA/L 



Tpg x+Sl is a form on C^ x \ By Lemma it has the form g ncw (r x ) for some function 



9new(t) on R. This is a marvelous property of the hierarchical lattice because it means 
that the RG map preserves the multiplicativity of the interaction: 

and therefore can be described by the map g — > g new . This has come about because 
the hierarchical topology has no overlapping neighborhoods: any pair of neighborhoods 
are either disjoint or nested. 
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However, there is some redundancy in the pair g): as noted in ( p.3| ), the Green's 
function G g (j3, x) depends only on the combination g(t) exp(—/3t). We will remove this 
redundancy by imposing the normalization condition 

g (t) = 1 + 0(t 2 ) as t -> 0. (3.9) 

This normalization assumes that g new (0) = 1. This is true for the initial interaction 
g(t) = exp(— At 2 ) and, by Lemma ^2| , it also holds for g ncw . After each map by T^, 
which, referring to Proposition |5T2| , takes (/3,g) to (L 2 f3,g ncw ), the pair (L 2 j3,g new ) is 
replaced by an equivalent pair ((3',g') = (L 2 j3 + u', exp(u't)g new ) to restore (|3.9|). 

Definition 3.4. Let g be a smooth bounded function on K. and let g x = g(r x ). T@g is 
the junction on M., given by 

Tpg{r x )=e^T p g x+g \ 

where v' is chosen so that T^git) = 1 + 0(t 2 ). 

In ( |3.3|) there is also the factor (pQ(j) x . By the independence property (|3~8[ ), the RG 
acts on each of the factors <fro and <p x independently if \x\ > L. In fact, in this model, 
the RG acts simply by scaling: 

Lemma 3.5. Suppose that g = a{4>) + b(4>) d<pd(f) is an even form on C. Define g x by 
replacing by <p x , then 

T p g x+g ^ x = {T p g x+ ^)S<P x . 
Proof. Let G = g x+Sl with L~ 2 c/) x /l + ( x substituted in place of (fi x , then 

T f3 g x+S ^ x = (s [ fi r G] S<j) x + S [ fi r GC x , 



so we have to prove that J firG( x = 0. By Qi invariance, J firG( x = J ^vGC, y for all 
y E x + Q x . Since ( G H, £ g ( y = 0. □ 



By (|3.3j ), Proposition and Lemma |3.5| we have proved that 
Proposition 3.6. For \x\ > L, 

G k g {(3 ) x)=SG A J L {P\x), (3.10) 
where g' = Tpg and (3' = L 2 /3 + v' with v' as in Definition |57 



What happens if \x\ < LP. The transformation of the factor <po4> x is no longer 
simple, but the next result says that it reproduces itself together with supersymmetric 
corrections. 

Lemma 3.7. If ' u is a smooth supersymmetric even form on C Sl , then there are unique 
functions fx, f 2 such that Tpucfio^ = /i(r ) + / 2 (t o )0o0o- 
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Proof. Let v = Tpu4>Q(j) x and w = Qv, then w is a supersymmetric form of odd 
degree. By Lemma [A.4| , w = a(r)((j)d(j) + tfidcf)). The solutions of to = are 
v = —{2-Ki)~ l a{r)(f)(f) + b(r). a and 6 are unique because the degree zero part of v 
determines the combination — {2ni)~ l a{t)t + b(t) and the degree two part determines 
-(2my 1 a'(t)t + b'(t). □ 



4 Coordinates for Interactions 



The parameters in the Green's function ( |3.2|) are f3, a smooth function g, and the 
volume A. g defines a coupling constant A and a smooth function r(t) by 

g {t) = e" A ' 2 + r(t) with r(t) = 0(t 3 ) as i -> 0, 



because by Definition 3A, (3 is adjusted so that = 1 + 0(t 2 ). r will be called the 
remainder. 

Consequently, we may describe the map g — > Tpg by its action on the parameters 
j3, A, r — > A', r' , where , A' and r' solve 



e 



' L2/3r T^(e- Ar2 + r) ei = e"^ (e- A ' r2 + r') , r'(t) = 0(t 3 ). (4.1) 



Iteration of this map defines a finite sequence (f3j, Xj, rj, A^j^^^-i- The sequence 
terminates because the initial A = Qn is scaled down by L with each RG map and 
eventually becomes Q\. Then there is one final integration. This sequence exists for 
any initial choice of parameters with Re Ao > because Ao is finite. 

This hierarchical model has the nice feature that enlarging the initial volume Ao 
merely extends the sequence — the longer sequence coincides with the shorter for shared 
indices j. Therefore the sequences consistently extend to an infinite sequence. 

In ( |3.3| ) we rewrite the observables 0o an d 4> x as if they were part of the interaction 

by 



with O = b\(j)Q(j) x and b± = 1. Then Lemma |3.5| asserts that Tg acts on 7O at order 
7 by x — > L~ 1 x and bi — > L~ 2 b\ to produce iterates Xj := and b^j := L~ 2 ^b\ for 

j = 1, . . . , N(x) — 1, such that \xj\ > L. N(x) is the number of iterations, log L that 
are needed to scale x to 0. For j > N(x) — 1, Lemma |3.7| asserts that T 3 - := Tp. maps 
jOj into 

Oj+i = /ij+i(to) + /2,j+i(r o )0o0o- 

In this and subsequent calculations functions of 7 are identified with their linearizations 
because we only need to know the derivative with respect to 7 at 7 = 0. The Green's 
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function can be accurately calculated without complete knowledge of fij and /2J. To 
this end we define 



if x + ^ ^ 

Ar 2 - 7(60 + h<f) <j) + b 2 T <j) (j)Q + 63 r ) if x = 

and consider the action of on g A when g x = e~ Vx + r x . Part of the observable O is 
in u, and the rest of it, which is the part we will not need to calculate in detail, is in r. 
The split is uniquely determined by 

Definition 4.1. Let r be a form localized at a single lattice site. We say r is normalized 
if J^-r 4 = at t = for q = 0,1, ... ,5, where r t is defined by replacing <p by t<p in r 
including in d(j) and d(j>. 

The interaction v is said to be normalized if v = At 2 + 7O for some A and O is an 
even polynomial form of degree less than or equal to four. 

The action of Tg on g A is now completely described by the action on parameters 

09, A, b, r, A) ^(P f , A', b',r',A'), 
where b = (bo, b\, b 2 , 63). The Green's function is 



e ' 



= j- J ^ (^ N - lT i e ' VN - 1 + r N -i]f 

=: b , N , (4.3) 

because the final integration with respect to fig 1 is being considered to be a final RG 
mapQ followed by setting <p and d<f> to zero so that only the bo part of v ends up in the 
final result. 

Note that the normalization condition is designed so that there is no 7 dependence 
in the sequence (/3j, Xj). 

A surprising fact is that the 63 r term never plays any role beyond being there! No 
term of the form ~fF(r) with -F(O) = contributes to the Green's function because 
(dfd'y)o J fJ>G(r) exp(7F(r)) = G(0)F(0) by Lemma |2^. For this reason, we leave out 
the 63 terms in the rest of this paper. 



5 Second Order Perturbation Theory 

We have shown that the RG induces a map from parameters (f3, A, b, r) to (/?', A', V , r'). 
We will also write v — > v ' recalling that v is determined by (|4.2|) . In this section we 

2 with T replaced by U Ql 
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construct an approximation 

v^v, (J3,\,b) -> 0,\,b) 

to the exact map using second order perturbation theory in powers of A. This ap- 
proximation plays a major role in determining the log 5 corrections in the end-to-end 
distance of the interacting walk. 
Notation: 



B = l-L~\ B p = j T p (y)dy. (5.1) 

B p is a function of (3 through V. In particular, 

B 1= 0, B 2 = B(l+p)~ 2 , r(0) = 5(1 (5.2) 
We will show that the second order approximation to (/?, A) — > ((3', A') is 

/3 = L 2 (/5 + 2r(0)A + O(r 3 )A 2 ) 

A = A-8B 2 A 2 , (5.3) 

where 0(T P ) is an analytic function^] of (3 and A that is bounded in absolute value by 
c|l + (3\~ p , for |A| bounded. 

Likewise, the parameters b have the approximate recursion 

loj+i = b 0J + ^A x i)Ki + oir^Xjhj + o(r 2 )b 2J 

bij+i = L- 2 [b hj + OQfyXfa + 0(T 3 )b 2 ,] 

= L~ A [b 2 j + 0(r 2 )Ajfo 2 j] , (5.4) 

where the j subscript on T means that (3 = (3j. All the terms involving V vanish for 
j < N(x) - 1. See Section |. 

Proposition 5.1. Let r main = Tp{e~ v ) Gl - e~^ T with v = (3 - L 2 (3. Then r main = 
0(A 3 ) + 0(A 2 7) as a formal series in powers of A. 

To prove Proposition |5.1| we introduce the following Laplacian 



(d d d d \ 

d(j) x d(j) y di) x d^y) 



(5.5) 



The partial derivatives d/dijj x are formal anti-derivatives (equivalently, interior products 
with vector fields dual to the forms ip x ). Let F be a smooth bounded form, then 

[i tr * F = F + tA r F + 0(t 2 ) &st ->0. (5.6) 



3 They are integrals of p or more covariances, T(/3) and polynomial in A. They can be computed 
explicitly using Feynman diagrams as in Appendix 
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Given forms X, Y we define a new form X Ar Y by 

A r XY = (A r X)Y + XA r Y + XA r Y. 
Therefore, denoting partial derivatives with respect to 4> x and (j) x by subscripts, 

x Ar Y = T(x - y) (x^ + X^Y* + - (-IT^X^yA . 

x,y ^ ' 

Thus we can define X ArAr Y by applying the second Ar to each term on the right- 
hand side of this equation. 

A "polynomial form is a form whose coefficients are polynomials in <fi and 4>. The 
essential property of such forms is that they are annihilated by Af for j >> 1. 

Let V be any polynomial form and set 

V t = e^V, C = ^-A r . 

Then Vt has the important property CVt = 0. 
Lemma 5.2. For any polynomial form V , 

Qt =\Y. 3 >^v t A tT v t 

satisfies 

C[-V t + Q t } = l -VtAvV t . 

Proof. Since V is a polynomial form, the sum over j terminates after finitely many 
terms, so Q is defined. Furthermore CV t = 0. Therefore, 

CIV Atr Vt) = V t Ar V - V t A r A tr V 



£f 2jFt A tr KJ = K ArA ir K - yV t A r A tr V*, 

together with similar equations for the remaining terms in Q t . Add these equations. □ 

Lemma 5.3. Let V t = [V t - Qt]t=i- Then /x r * e~ v - e~ Vt = 0(V 3 ) where 0(V 3 ) 
means that the formal power series in powers of a obtained by replacing V by aV in 
the left-hand side is 0(a 3 ). 

We call V\ the second order perturbative effective interaction. 
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Proof. We use the Duhamel formula: Let Wt be any smooth family of forms with 
W = exp(— V). Then, using ( |5.6|) , 



fir * e~ y -Wi= I dt — At(i_t )r * W t 



/ dtmi-QT *CW t . 
Jo 



Choose W t = exp(-Vt)- By Lemma |57^ £Wt = 0(A 3 ) because 
Ce* = (^V t Ar V t - \v t Ar Vt 

= & \Q t Ar V t - l -Q t Ar QtJ = 0(V 3 ). (5.7) 

□ 

Proof of Proposition |5. i| . By Lemma |5.3| applied to V := J^+g w y with as 
defined in 

SV\ is a priori a polynomial of degree six, but in fact the degree six part vanishes 

because it contains, from A, a factor B\ = 0. Therefore, SV\ is a polynomial form of 
degree four. It contains a part vr x which is absorbed into j3, so that (3 = L 2 f3 + v and 
the remaining part SV\ — vr x =: v x is in the form ( f4.2| ) with coefficients (A, b). 

Details for deriving the formulas ( |5.3| , |5.4| ) for (A, b) are in Appendix |CJ The main 
points are as follows: Suppose coefficients b, A are assigned minus the degree of the 
monomial they preface. Thus bo has degree zero, bi,u have degree —2 and 62, A have 
degree —4. Let T have degree 2. Then, for example, a term such as &2AO(r 2 ) can 
appear in the right-hand side of the 62 recursion because it has degree —2 which equals 
the degree of 62. There are certain terms that do not appear because they contain 
a factor T in the form B\ — ^2T(y) = 0. In fact, for this reason the b recursion is 
triangular. □ 

The Large Field Problem: We are confining ourselves at present to formal power 
series statements because W t = exp(— V t ) is not integrable: unlike SV, the sixth degree 
part of V does not vanish and W t consequently fails to be integrable. When we prove 
estimates on remainders in Proposition [7.8| , we will use another choice of W t which is 
the same up to order 0(V 3 ). 

6 The Green's function 

In this section we will prove the main result in this paper, Theorem |1 . 1| . 
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Recall that in paper I we introduced the enlarged domains 



Vi3 = {P^0: | arg/5| <bp + -b x + e}; 



V p {p) = Dp + B{p) with B{p) = {(3 : \(3\ < p}; 
D\ = {A : < |A| < 5 and | argA| < b x + e}. 



We will need 



Proposition 6.1. Let (f3 , X ) be in the domain Dp (|) x D\ with 5 sufficiently small. 
The sequence (/3j, Xj)j=o,i,...,M is such that 



0. 



'3+1 



2B ^ 



where the e X j, epj defined by these equations are analytic functions of(0 o , A ) satisfying 

-i 





< CilA.fll- 




l e /3,il 


< c L |A/|l- 





1 



(6.2) 

Here B = 1 — L~ A and M is the first integer such that (0m, ^m) is not in the domain 
Dp (|) x D\. If no such integer exists, then M = oo. 

The formulas ( |6.1| ) were already obtained in ( |5.3| ). The new content is the estimate 
on the errors. 

Recall also that there are observable parameters bj := (boj, bij, &2j)- Let e*j = 
b*,j+i — b\j + i where * = 0,1,2, be the errors between the exact recursions for these 
parameters and the second order perturbative recursions, defined in ( |5.4j) . Since we 
defined the observable to be a derivative at 7 = 0, we may suppose, without loss of 
generality, that e*j are linear in bj. Higher order terms will drop out when 7 is set to 
zero. 0(T P ) denotes an analytic function of O and A which is defined on Dp x D\ 
and bounded in absolute value by Cl\1 + 0j\~ p . 

Proposition 6.2. For M > j > N(x) - 1 and q = 0, 1, 2, 

where \bj\ := | &x,j | + |&2j|- 
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These two theorems will be proved in the next section. In the next proof cl denotes 
constants chosen after L is fixed, whereas c denotes constants chosen before L is fixed. 
The values of these constants are not relevant to the proof so these symbols can change 
values from one appearance to the next. 

Proof of Theorem \1.1\ . During this proof we will write A := Xn(x), T := T^o) and 
k := j — N(x) + 1. We fix £ G (1,2). The constant S that controls the size of |A| in the 
domain T>\ will be the minimum of a finite number of choices that achieve bounds in 
generic inductive steps. The choices depend on L and £. Thus, throughout the proof 
we will be using the following principles: 

1. 3c : |Aj| < c|A| for j > N(x) by Proposition 1.1.5. 

2. \cl\j\ < c for any c because the domain for Ao is chosen after L is fixed. 

3. 1 + ci\\j\ < £ because the domain for Ao is chosen after £ is fixed. 

4. 0(Tj) < c L because f3j G Vp{\). 

5. For j > N(x), 0(Tj) < cO(T) because it holds when |/9jv(a;)| < 1 since (3j G 
T>p(l/2) and it also holds when |/3jv(a;)| > 1 because then the (3 recursion causes 
(3j to grow exponentially. 

Recall from Section |] that for j < N(x) — 1, boj and b 2 j vanish, while bij = L~ 2 K These 
values will start inductive arguments at j = N(x) — 1. The term recursion denotes the 



perturbative recursion ( |5.4j) combined with the bound on the error, Proposition |Q . 
Claim 1: For j > N(x), \b ld \ < i k L~ 2 ^ \b 2d \ < 0(T )\X\ 2 ^ k L^. 

Proof. By induction using the recursion. 

Claim 2: For j > N(x), \L 2j b 1:J - 1| < £ fc O(f 2 )|A|. 

Proof. Let rj, := \L 2 ^bij — 1|. Then r = 0. By the recursion and claim 1, r^. +1 < 
r k + 0(r)|A|£ fc . This implies the claim. 

Claim 3: For j = N(x)-1 let a, = and for j > N(x) let a j+1 = L- 2j Y{(3 j} L~ 2j x). 
Then 

\boj-aj\ <L~ 2N ^0(T 3 )\\\. 



Proof. Let rj = |6o,j — Q>j\- Then rj = for j = N(x) — 1. By the recursion and the 
previous claims, 

r j+1 < rj + L- 2 ^ k O(f 3 )\X\. 

This proves the claim. 
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Recall the definition of j3j = (3j — j3j in Proposition 1.1.3. Let Uj := L 2 ^ k ^$n(x)- By 
Proposition 1.1.5, Uj £ T>@. 

Claim 4-' For j > N(x) — 1, 



1+Pj 1 + Uj 



[l+PjXl + Uj] 



Proof. By Proposition 1.1.3, (1 + (3j) 1 is indistinguishable from (1 + (3j) 1 up to an 
error that can be absorbed in the right-hand side of our claim. By Lemma 1.4.2, part 
(4), 



j'-i 



p j = Uj H (i + o(A,o(r,))) 

«=7V(x) 



SO 



\Pj-Uj\ < 



3 fe|A|0(r) 



| Ui i < |A|o(f)eVil- 



The claim follows because u/(l + u) is bounded for u £ Pg. 
C/azm 5: \a N - G (/3 eff)JV(x) , x)| < L- 2N ^\X\0(T 2 ). 

Proof. By the definition of itj and /3 e ff,j = L~ 2l j3i, 

G (Pett,N(x),x) = ^L~ 2l T(u u L~ l x). 

a N is the same expression but with replaced by fa. Thus the claim is a consequence 
of claim 4. 



In our first paper we proved that the sequences (fij, Xj) in Theorem [TTT| never exit 
the domain T>p(l/2) x T>\, so M = oo. Recall from (|4.3|) that the Green's function 
equals b n. By claims 3 and 5, 



|6o,jv - G ((3 caMx) ,x)\ < L~ 2N ^\X\0(T 2 ). 
By Proposition 1.1.4, part (3), the right-hand side is less than |Go(/^efiP,JV(x)> x ) 



□ 



7 Estimates on a Renormalization Group Step 



In this section we will prove Propositions |64] and |6.2| . 

Let X be a subset of A. A form Fx is said to be localized in X if it is a form on 
C x . Thus F x = E/i,«Wf where is a smooth function on C x and ^ a = 
"l xgX ipx x ipx x - m particular, g x defined by g x = Ylxex 9% ls localized in X, when the 
forms g x are localized at single sites {x}. 
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Definition 7.1. Given h > 0, w > 0, w x = Yl xeX w l (4>x), let 

\\F x \\w,h = n^f SU P \d^F x , a \w~ x , 

«,/9 a4 * 

I^U = E^grl^(°)l- 

a,/3 ' H ' 

These norms measure large- and small-field behaviors, respectively. 

Complex Covariances and Weights: The weight w is a positive function used to 
track decay or growth of the interaction at = oo. In this paper we use w(A, k) := 
A exp(— n\(f)\ 2 ) with A > 1 and, for tracking decay, k is positive. We want to see how 
decay is affected by convolution with Gaussian functions and forms. Let 

p a {<f>) := det(7raC)- 1 e-S»" 1 «- c ^ 1 ^ , (7.1) 

where a = exp(i6) has unit modulus and positive real part and C xy is a positive-definite 
matrix with indices with x, y G X. By Gaussian integration, \p a \ *w(A, k) x is bounded 
by w(A', k') x , where A' = 2 A/ cos# and k' = k/2, if ^ 1 1 C 1 1 operator is small enough. Thus 
there is a new weight w a c such that w x c > \pc\ * w x . Then, for any smooth function 
fx, 

\pa * fx\ < \Pa\ * W X \\w~ X f X \\oo- 

By applying this estimate also to derivatives of fx, 

\\Pa * fx\\w aC ,h < \\fx\\w,h- (7-2) 

We use the notation = Ylx^l^l wnere ^V* ^ s a f° rma l anti-derivative with 
respect to ip x . 

Lemma 7.2. Properties of the norms: 

(i) \\g X \\w,h < h\\ X , h > where h\\ X , h = Uxex \\9x\\w,h 

(H) \\f x gx\\w,h = \\fx\\w f ,h \\9x\\w g ,h when WfWg = w 

(Hi) \\SFx\\w,Sh < ||-^x|U,/i where w > Sw^ and Sh := Lh 

(iv) ForO<h<h>, \\d%dPFx\\ w , h <(a + {3)\(h' -hy a ^\\F x \\ w , h * 

(v) \\p c *F x \\ Wa0th < exp Y.x, y ex\ C *y\ h ~ 2 \\ F x\\w,h 
(i) - (iv) are valid when \\ • H*^ is replaced by \ ■ \h- 
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Proof. Properties (i) - (iv) need only be proved for the w, h norm because the 
norm is the limit as k — > — oo of the || • \\ w ^ norm, when w = w(l, k). 

Parts (i) and (ii) are proved on page 103 and Appendix A of [|BE192 |. (iii) is easy. 



iv) is proved on page 104 of ||BEI92|1 . (v) is also proved starting on page 104, noting 



that O is (6.4) in |[BE192|| . □ 

The results of this section are organized by increasing number of hypotheses. Each 
proposition assumes the hypotheses that have been given earlier. The important point 
is that each hypothesis is satisfied when: (a) L > 2 is sufficiently large; (b) |A| is 
sufficiently small depending on L\ and (c) h = |A|~ 1//4 . 

The constants c, c^, c q , . . . that appear in hypotheses and conclusions are numbers 
in (0, oo). c* denotes a number in (0, oo) whose value is permitted to depend on *, 
whereas c is a number determined independently of all parameters L,\,j3 and others 
that appear in the theorems. These symbols are permitted to change value from one 
appearance to the next. Constants that always have the same value in all appearances 
will be denoted by a letter other than c. 

Hypothesis (fi): fi = fi e iec where C xy is a positive semi-definite matrix such that 
C xy = if \x — y\ > L, cos# > c\ and \C x>y \ < c<i- 

The constants c\,C2 in this hypothesis can be chosen arbitrarily. Once they are 
fixed; estimates below are uniform in the choice of /i. Constants appearing without 
qualification in hypotheses can be chosen arbitrarily. 

In the following lemma, A = Ap is the Laplacian defined in ( |5.5| ) with T replaced 
by exp(i9)C and ||C|| is the maximum of \C xy \. E q (A) is the power series ^2 n<q A n /n\ 
for exp(A) truncated at order q. X is a subset of a Q\ coset. 

Hypothesis (ty): < f) < h. The parameter for the small-field norm | • |(, specifies 
how large a "small field" can be. In most cases this is determined by the covariance C 
(so f) ~ HCII 1 / 2 ) but occasionally it is useful to let it be determined by the interaction 
(so f) = h& A~ 1/4 ). 

Lemma 7.3. (Sfi « S): Let w > Swf c for t e [0, 1]. 

(i) \\Sfi * g x - SE q ^(A)g x U, Sh < c q , L h^\\C\n g \\ X )2h 
{ii) |^*^-5S ? _ 1 (A)^| 6 <c ? , i / i - 2 ^(0)||C'|Hb||f /l , 9 = 1,2,... . 



Proof. Let \i t be \i with e l8 C replaced by te z9 C. Then 

Sfi*g x -SE q _ 1 (A)g x = R q , with R q = [ ( ) - %- Sfi t * A C! g x dt. 

Jo {Q ~ L)l 



By parts (iii) - (v) of Lemma T?l 



\\R q h,s h < c q , L h-^\\cn g \\ x 2h . 

In part (ii), \Rq\t, is bounded by w(0)\ \R g \\w,Sh/2- D 
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Hypothesis (X): A lies in a sector |A| < ciRe A in the right half of the complex plane 
and |A| < c, where c is small. 

The qualification "where c is small" means that each of the following results of this 
section may require a hypothesis |A| < c, with c determined in the proof. 

Hypothesis (h ps \~ l l A ): \\\h A G [c _1 ,c]. The default choice is h — (Al -1 / 4 but this 
assumption allows us to assume the same estimates for e.g., 2h. 

Hypothesis (v,w): \v\ < cih~ 2 , v = Ar 2 + vr + 7O and w((f>) = e~ a ^l h ^ with 
4ci < a < C2- The default choice is a = 1 and v < \h~ 2 . The observable O is a 
polynomial as in (|4.2|) such that \^b\\h A + \~fb2\h A < c, where c is small. [] 

The hypothesis on the observable ensures that it is small relative to Ar 2 . In principle 
7 is infinitesimal because we only use the derivative with respect to 7 at zero, but it 
seems to be simpler to allow a finite variation of 7. The (v,w) hypothesis implies that 
\v\h < c 

Referring to the paragraph Complex Covariances and Weights, we find that the 
weight w in the (v, w) hypothesis is w(A, k) with A = 1 and k = ah~ 2 . Thus k ~ |A| 1//2 
is small, as required, and we can choose w = Sw(A', k') x in Lemma |7.3| . Next, we can 



reduce to A' = 1 in w(A',n') by putting a constant Cl = A' x in front of the norm. 
Finally, the rescaling S maps w(1,k') x into w(l, L 2 k'), which brings the decay rate k 
back to better than the original value. In particular we can choose w = w 2 for L > 2. 
To summarize: for A small, the rescaling more than restores the loss of decay caused 
by convolution so that the whole RG map will actually strengthen this parameter in 
the norm. 

Lemma 7.4. (Integrability of e~ v ): If M is a polynomial form with degree m, then 

HMe^lU < c m {h/\)) m \M\^ \fe\ < c\f\ 

Proof of second estimate . \fe v \^ < \ f\^ v ^ and \v\^ < c\v\h < c by hypotheses. □ 
The first estimate is reduced to the case h — 1, A = c by scaling = hip' . See the 
proof of (7.4) in ||BEI92|| . Similarly we can bound the exp(— vr) in exp(— v) for v either 



positive or negative, but we must then have a weight that allows growth at infinity as 
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Lemma 7.5. (Integrability ofe UT ): ||e ^H^-i^ < c and \ exp(— vr)\^ < c. 

Lemma 7.6. (Interaction scales down): If r is normalized, then ||rexp(— £>)|| w ,/i < 
cL~ 6 ||r||^ j 5/ i / 2 and \r\y < c[f)'/(f) — f)')] 6 | r lf) f or < More generally, if (c.f. Defini- 



tion \4-l\ ), r t = 0(t p ), then L 6 is replaced by L~ 



4 When \x\ = L, the observable is 'y(j>o(f) x . But as far as estimates are concerned, the behavior is 
the same as that of ^(0o^o + 4>x(t>x)- 
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Proof. By Taylor's theorem in t applied to r t = r(t<f)) it suffices to estimate the w, h 
norm of 

1 (1 - tf <f 

which is bounded by c times terms of the form sup t Hr^Me -1 '!^^ where denotes 
a sixth 0, ip derivative of r and M is a monomial in 0, d(f) of degree 6. This is less than 

sup IIt^H^ \\Me~ v \\ w / Wt!h = sup llr^ll^ \\Me~ v \\ w / Wuh 



t 



< \\r^\L JlMe"*! 



w,hi 



where Wt = w(t(f)), because the norm is decreasing in w and w/wt > w. is bounded 
by c(Sh)~ 6 times the w, Sh/2 norm by Lemma |7T2| (iv) and Me~ v is bounded by h 6 using 
Lemma [7.4) . The second inequality is proved by the same steps with the F) norms. □ 



Lemma 7.7. (Extraction): The solution {y',v',r') to 

e~ v + f = e~ v T {e~ v + r'), (v',r') normalized (7.3) 

satisfies 



(i) \v — v'r — u'|t, < c|f 



|i/ — v\t) 2 + | A' — A|f) 4 < c|r|f, where j — in f 

(Hi) \\r'\\ w ,h < c\\r\\wi,h 
(iv) \r'\^ < c|f|(, 

provided that for each estimate the right-hand side is less than a constant c which is 
small. 

Proof of (i). Define | • by truncating the sum in the definition of | • | f, so that 
only derivatives of order p or less are included. This seminorm satisfies |F 1 F 2 |f ) < 
l-Pil^l^l^. Rewrite the (i/,v',r') equation, 

v - v'r - v' = In (l + e*r - e^'v) . (7.4) 

Expand the In, take the | • |^ with p = 4: 

j 

I" ' 'i(p) ^- \ X I v *l(p) i I v—u't\(p)\ /\(p) 

\v — v t — v \l | < > — , x = \e r\^' + \e If, F If, • 

3 3 
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It suffices to prove the estimate for p = 4 because \v — v't — v'\^ = \v — v't — v'\§ 

whereas |f|j^ < \r\§. x = \e v r\^ > because the first five derivatives of r' are zero by 

normalization. Also, leV l^ 1 < c|f|f, as in the proof of Lemma |7.4| . By hypothesis, the 
sum is dominated by the first term so that 

i " / flip) ^ i ~ i 
\v — v r — v \^ < c\r\fj. 

Proof of (ii). Bound the left-hand side by c\v — v't — v'\§ and use part (i). 
Proof of (in). Let 

r'( a ) = e u ' T {e-* + of) - e~ v ' {a) (7.5) 

be the solution when f is replaced by ar. For a in the disk ||ot|| w 2 h < ci, with c\ small, 
we show that Hr^a)^^ is bounded by c. First, exp(z/'r — v) and exp(— if) satisfy a 
(v,w) hypothesis by (a) parts (ii) and (i) with I) = h, and (b) \f\ h < \\f\\ w 2^ h . Second, 

|| exp(v'T)(ar)\\ Wjh < \\ esq>(u'r)\\ w -i th \\ar\\ w 2 >h < c, 

using Lemma |7.5| . Since r'(a) vanishes at a = we have, by analyticity in a, 

\\r'\\ w ,h < c\\r\\ w i,h- 

Proof of (iv). By taking the norm of ( |7.5| ), 

|r'(a)| 6 < e^ie^" + \ar\ h ) + e 1 ^ < c. 

Therefore, as in part (iii), |r'|^ < c|f|f,. □ 
Define 

r main = constant and linear in 7 part of Sp,c * (e~ v ) 51 — e~ v , (7.6) 



with v — v + vt as in Proposition |5.1| . The right-hand side is expanded in a series in 
powers of 7 and truncated at order 7. For computing the observable, we only need the 
derivative in 7 at zero so there is no loss in such truncation. 

Lemma 7.8. (Remainder after perturbation theory is small in norm): Suppose that 
J2 y C xy = and \fj\ < c L \\C\\l. Then 

H^main | w,h 

<c L ||Cf|A|, \r main U<c L \\C\\ 3 \X\ 3 . 

The main obstacle to proving this lemma is the "large field problem" described at 
the end of Section |5|. Using the notation of Lemma |5.3| , let V t = —V t + Qt with Q 
linearized in 7 and let E q (A) = X]j=o^V<?' denote the exponential truncated at order 
q. We solve the large field problem by splitting V t = Jt+J_t an d using the approximation 
exp(J_ t )E q (J t ) in place of exp(Vt). Jt will contain the polynomial of degree six which 
would ruin integrability if fully exponentiated. 
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Qt is a sum of terms of the form P x C 3 xy P y + 0{pf), where P x is a polynomial in <f) x , tf) x 
and conjugates. Let Q t be the same sum with P y replaced by P x . The degree 6 term 
that seems to be in Q t is actually zero because C xy = 0. We choose J_ t = — V t +Q t - 
Then J t = Qt — Qt nas ^ ne property that SJ t = and 



v = SV t=1 = SJ_ t=l . 



(7.7) 



Since A is small we can assume the same (v,w) hypothesis for v and v. 

Note that J_ t contains the r 2 terms. We keep them in a standard exponent because 
exp(— Ar 2 ) is useful for suppressing large values of <fi, unlike E q (—Xr 2 ). 

Proof of Lemma |7-4 Equation (|7.7|) implies that at t — 1, S exp(J_ t )E q (J t ) = e~ v . 
Recall from Section |5] the Duhamel formula 



(7.8) 



^main = S / dt fl(i- t ) * £e~* E q (J t ) . 
JO 

By a calculation based on the differentiation rule DE q (J) = E q _i(J)DJ 

1 



Ce±E q {J) = ^,_i(J) 



-e L J q 



CJ_ —-JAJ 



+ 



CV- -V A V 



D! 



e-J q ~ J A J. 



(7.9) 



We have omitted i subscripts. We choose q = 2. As in (p.7|), 



Ce l E 2 {J) = e+ExiJ) 
1 



-e^J 2 



CJ--JAJ 

2 



+ -e^JJ A J. 



(7.10) 



Consider the term exp(J)Ex(J)Q t A Vt in (|7.10|) . Since E\(J) = 1 + J it splits into 

two terms, one of which is F := exp(J)Qt A V*. F is a sum of products of terms of 
the form (Me"") 51 as in Lemma [7.4| because there are three sites in Q\ where there are 
monomials corresponding to the three factors v x ,v y ,v z in F. If we consider the Ar 2 
parts of v then we find that the total degree of the monomials is 3 x 4 — 4 = 8. The —4 

is because F contains two A, one explicit and one in Q t . Associated with these two A 



are C x>y and C y>z . There is also A 3 . Therefore, by Lemmas [T72]" \TQ \\(Me v ) g 



w,h IS 

from sums 



bounded by c L /i 8 |A|iC|| 2 = c L |A|||C|| 2 . The c L includes factors L 4 = |i 
over x, y, z. 

The other term in exp(J_)Ei(J)Q t A V t is JF. This is smaller by an additional 
factor cl/i 6 |A| 2 ||C|| 2 by the same methods. In fact, all of the terms in (|7.8J7.10| ) can 
be estimated by this procedure by cl|A| ||C|| 2 . The 0(7) terms may be absorbed into 
these bounds because, according to the (v,w) hypothesis, |7&| < c|A|. 
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The | ■ | j, norm is estimated in the same way but taking into account the hypothesis 
on f), (i) |A| 3 f) p < c L>p |A| 3 and (ii) if M is a monomial of order 2p then \M\§ < cf) 2p < 
CL,p||C|| p - There are at least two factors of C in every term and for terms with only 
two at least one more is contributed by (ii). □ 

Hypothesis (X,r small depending on L): |A|, ||r"|| and (/i/f)) 4 |r|(, < cl where Cl is 
determined in the proof of the next theorem. 

Proposition 7.9. Let v be given by (gjjj, h, h! = |A|~ 1/4 , |A'|- 1/4 and c L ^\C\\ > f) > 
&' > L^\C\\ . Then the map from (v, r) to (v', r', i/) defined by 



Sn * {e~ v + rf 1 



e~ UT (e~ v +r') 



with v', r' normalized, satisfies 



(0 l|r , |U tfc '<c ii |A|||C7|| 3 + cL- a |H| 1Dth 

(ii) \r% < c L |A| 3 ||C|| 3 + cL-^'/f)) 6 !^ + CillCll^llrlU.h 
[Hi) + |A' - A|f) 4 < c L |A| 3 ||C|| 3 + cL- 2 (f)7^) 6 |rk 



+ c L /r 10 ||C1| 5 ||r| 



w.h- 



Proof of (i) and (ii). By solving Tg(exp(— v) + r) Sl = exp(— v) + f for f, 

f = r main + SE q ^(A) J2( e ~ V ) 3A{X}r * 

x&Gi 

+SE g . 1 (A) Yl 

Xc6i,|X|>l 



(e- v ) G ^ x r x 



+(T p -SE q _ 1 (A)) 



XcGi 



(7.11) 



First term in (\7.11\) : By Lemma |7]B| ||r main || u; 2 i/l < cl||C|| 2 |A|. 

Second term in ( \7.11\ ): We choose q — 1. Let X — Q\ \ {x}. 5(exp(— v)) x equals 
exp(— fnew) where v new still satisfies the (-0, w) hypothesis^. By Lemma |?T6| , Lemma [FT 
part (iii) and w 2 > Sw Sl , 



xGGi 



S{e~ v ) x Sr x \\ w 2o h < cL 4 L^\\Sr\\ w 2. h < cL' 2 ] 



(7.12) 



Third term in (\7.11\ ): By Lemmas |7.2| and 7A , j| third term|| u ,2 2 / l < Cl 



.it- 



Fourth term in ( \7.1J\ ): By Lemma [7.3| , with w = w 2 as explained below the (v,w) 
hypothesis, followed by Lemmas [T2] and |7.4|, ||fourth term|| U) 2 2 h < ^~ 2 || r IL h because 



5 because it equals Anew^ 2 + observable with A now = A(l — L 4 ) 
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there are less than cl terms in the sum over X and each has one or more factors of r 
and q = 1. 
Therefore 



,2h<c L \\\\\C\\ 2 + cL- 2 \\r\\ W!h , 



(7.13) 



where we used the hypotheses (r and h~ 2 = y|A| small depending on L) to put the 
estimates for the third and fourth terms inside cL~ 2 \\r \\ W) h- 

To estimate the \)' norm, we use ( [7.1 1|) with q = 5. Consider the second term in 
( imp . Let 



e -v )gi \{x} 



Note that F t = 0(t 6 ) is normalized, using the subscript t notation of Definition p~T 
However, (A n F) t = 0(t e ~ 2n ). By Lemma |7i6| , with f) replaced by and Lemma 7.2 

part (iii) 



|5A n F| ¥ < c [f)7(L())] 6 - 2n |A n F 



6/2 1 



for n = 0, 1, 2. When n = 3,4,5 we still have this bound (by Lemma |7.2| (iii)) because 
f)'/(L()) < 1. By Lemma |7^, | exp(— < 1 + L~ 4 for |A| < c^. Therefore, by 
Lemma [7.2| , 



and then, by fj' > L-^/ilCf, 

(second term in ( |7.11j )ly < cZ> _2 [P)'/f)] 6 |r|f,. 

The third term in ( |7.11[ ) is absorbed into the same bound by using the same argument. 
There are merely more factors of r which make it much smaller by the hypothesis on 
\r\ij. The fourth term in ([7.1 1|) is bounded by Lemma |7.3| so that 

\r\y < cl|A| 3 ||C|| 3 + cL' 2 ^' /i)f\r\„ + c L \\Cfh~ 10 \\r\\ W)h . (7.14) 

The proof of (i) and (ii) is completed by applying Lemma |7/?| to ( [7.1 3| , [7. 14|) . 
Proof of (iii). Immediate consequence of Lemma [7.7| and ( [7.13| , |7TT4]) . □ 
Proof of Proposition \6. i| . Recall that the finite volume Green's function G^°(/3q, x) 



has been expressed as an integral, ( |4.3| ). This integral is convergent for all (3$ G C, 
provided the real part of A is positive, which is the case for A G V\. In this case we 
can also define (j3j,\j,rj) by conglomerating the j RG steps into one giant step (for 
RG), with covariance equal to the sum of all the covariances of the individual RG steps, 
and applying it to the initial interaction. The big RG step is a convolution of a Gaussian 
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into an interaction that decays faster than any Gaussian so it is convergent and the 
result defines (flj,Xj,rj). Furthermore, rj is entire in 0. The sequence ((3j,\j,rj) is 
defined for all j by the remark below (|4. 1|) . 

In order to obtain useful estimates on the sequence, we rotate the contours of 
integration of each <p x (both real and imaginary parts). For any \9\ < bp + b\j '4 + 
9e/8 — 7r/2 we may rotate cj) x —> exp(i9/2)(p x and 4> x — > exp(i9/2)<fi x . Likewise ip x = 
(2m)~ 1 ' 2 d(j) x and tp x = (2ni)~ 1 / 2 d(j) x pick up factors exp(i9/2). The effect of the rotation 
is to replace (3, X,A with 

13(9) = e l9 (3, X(9) = e 2ie X, A{9) = e l9 A. 

Since the covariance A~* = U A (j3,x — y) is determined by Y through (|3.4j), the rotation 
of A is equivalent to an anti-rotation Y((3) — ■> Y(9) = Y((3) exp(— i9). Recalling the 
discussion of b/3,b\ below (1.1.15), the above condition on 9 is sufficient to ensure that 
| argA(#)| < tx/2 — e/4 for any | argA| < b\ + e, since by assumption, 

2(b + z) + l(h + e)<-<K. 

Hence the integrals remain rapidly convergent at oo and there is no contribution from 
the contours at oo. We obtain the functional equation 

G^ r ([3,x) = G$ ie)m (l3(9),x)e ie - (7-15) 

The sequence (f3j, Xj, rj) transforms to (f3j(9), Xj(9),rj(9)), where (3j(9) = (3j exp(i9), 
Xj(9) = Xjexp(2i9), and rj(9,<p) = rj((f>exp(i9)). It is evident that (3j,Xj transform 
in the same manner as j3, X because shifts in the coupling were defined in Section f| as 
derivatives of functions of <p, now <pexp(i9/2) and each derivative introduces a factor 
exp(z#/2). 

Define a decomposition T>p(^) = H + U H~ of the (3 domain into two overlapping 
fattened sectors. Here 

H ± = {(3 ^ : \ aTg(3T e\ <^ - + Bi 1 -), 

where 9 = bp + b x /A + 9e/8 - tt/2. 

Claim 1: Suppose that (3q is in and Ao is in V\. Let t)j = L\\Y((3j-x) W 1 ^ 2 . For 
L sufficiently large, there is a constant ki such that 

\\r 3 {9)Uh 3 <k L \X^\\\Y{(3 3 ^ 

IrMti ^^lA^Hlr^OII 3 , (7.16) 

for all j > 1 such that A 3 -_i) lies in H_ x T>\. The analogous claim with H_ 

replaced by H + and rj(9) replaced by r,-(— 0) is also true. 
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Proof by induction. Since Xj-i G T>\, we have as above that |argAj_ 
it/ 2 — e/8 and so the A hypothesis is valid for Xj(8). The covariance is 



< 



r(0) = r^Oe- 



1 + 



'i-i 



-r(o) 



-j(0+arg(l+/%_i)) 



-r(o), 



and we verify the /x hypothesis. First we observe that T(0) is positive semi-definite. 
Second, since bp + e < 37r/4, we have that |l + /3j_i| > (y/2 — l)/2. Third, our definition 
of H~ guarantees that \9 + arg(l + 0j~i)\ < tt/2 — e/8. 

As a result, Proposition [7l| is applicable to the rotated parameters. By part (ii), 



<-A; L |A J | 3 ||r(/5,)|| 3 + i (W^ 



c L \\m)\\ 5 h 



-10 I 



w.h-i 



We made a j independent choice of L large to get the second term in this particular form. 
The first term has the constant k^ because we choose k L in the inductive hypothesis 
to make it so. This bound proves the second inequality of claim 1 for j = 1 because 
r = 0. In the right-hand side, substitute the inductive assumptions ( |7.16| ) to obtain 



Q I J 



where cl ||r(/3j-) \\ 5 h 10 \\rj(8)\\ W) h j went into the second term by a j independent choice 
of T>x so that |A| is small, making h large and consequently hj 10 |AJ 2 . By the A 



recursion 



|Aj-i| 



< g|Aj|. Thus we have advanced j to j + 1 in the second estimate 
estimate of claim 1. The advance of j to j + 1 in the first estimate is proved similarly. 
But first observe that there exists an L-independent constant k such that 



\\m)\\ 



1 + Pi 



1 + (3 y 



1 + Pi 



1 + L-*Pj + 0(\j 



i-V 



< k l L 



2 t 2 



for all j3j E T)p{l/2). (The relation between 0j-\ and (3j follows from Proposition |T 
(iii) and the inductive assumption (TjTtp ). Hence, by Proposition ^9| (i) and ( [T.16| ), we 
have 



,h i+1 < k L \\r{p 3 )\\* Q|Aj| +cL" 2 A;L|A J _ 1 |^ 



so we may choose L > 4ck to complete the induction. 

For later use we observe that if, in the above argument, we use ([7.13 , 7.14 ) in place 
of Proposition [7^ (i) and (ii), we obtain 

Claim 1': (|7.16[) holds when r^+i is replaced by fj. 

Claim 2: Let (/%, Xj) with j = 0, 1, . . . , M - 1 be an RG sequence in 2^(1/2) x V x . 
If f3j lies in H_ \ H + , then is not in H + . 

The idea is that the factor L 2 in the /3 recursion causes a large expansion in j3 in a 
direction that takes /3j further from H + . There are other terms in the j3 recursion, but 
they are small by claim 1. 
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Proof. By the hypothesis, Re^{-9 - e/8) < -\. Therefore, ReL 2 /3j(—8 - e/8) < 
— |L 2 , so no /? within distance one of L 2 j3j can be in H + . On the other hand, by claim 



1 and part (hi) of Proposition [7l| \(3 j+1 (9)-/3 j+1 (9)\ < 1. Therefore \p j+ i-L 2 /3j\ < 1. 
Consequently is not in H + . 

By claim 2, either the whole sequence (/3j, Xj) with j — 0, 1, . . . , M — 1 lies in i/_ 
or it lies in H + or in both. Therefore Proposition |6.1| follows from claim 1 applied with 
either H + or Proposition |7^ (hi), along with (|5.3| ). □ 

Remark: The functional equation ( [7.1 5| ) provides an analytic continuation of G\ 
into the larger domain |2arg/3— (3/2)argA| < 37r/2, |arg/5| < ir, | arg A | < n, even 
though the defining integral fails to converge for | argA| > ir/2. However, to obtain the 
end-to-end distance from G\, we require bp > n/2 and so 6a < 7r/3. 

Proposition |ti.2| involves derivatives with respect to the observable parameter 7 at 
7 = 0. Derivatives at zero will be denoted by 7 subscripts as in v 1 and r T We 
will repeatedly use four principles: (1) distinguishing partial dependences on 7 by 
subscripts on 7; (2) the total 7 derivative is the sum of the partial derivatives with 
respect to partial dependences; (3) Functions of 7 may be replaced by linearizations; 
and (4) Cauchy estimates on derivatives. These are illustrated in detail in the proof of 
Corollary [7.101 and are subsequently used without comment. 

Corollary 7.10. (to Lemma \77TQ 

(i) \v y - v'^ < c(|f| ft |u 7 | ft + |r 7 |fj) 

(ii) |r 7 |f, < c(|f 7 |f, + If^Klu) 

(Hi) ||r 7 || w> h < c (Hf-yll^h + ||f|| w 2 ih |{) 7 | h ,) 

Proof of (i) . Firstly, v — v't — v ' is a function of 7^ when v is replaced by v+jaV T It 
is f) norm analytic and bounded by c uniformly in the disk |7e?) 7 |[j < c. By the Cauchy 
formula for the derivative at 7 = and Lemma |?T7| part (i), \(v— v't— v') 7 .\^ < c|r|f,|i) 7 |j,. 
Secondly, v — v't—v' is a function of 7^ when f is replaced by f+7^f 7 . It is norm analytic 
and, by Lemma |T77| part (i), is bounded by c uniformly in the disk |7f^ 7 |f) < \ r \\)- By 
the Cauchy formula \ {y — v't — v')^^ < c|f 7 |(,. Since the 7 derivative of v — v't — v' is 
bounded by the sum of these two estimates and since v' is independent of 7, part (i) is 
proved. 

Proof of (ii) and (Hi) . Apply the same argument to r as a function of 7^ and 7^ . 
Part (hi) uses uniform bounds by c on the disks ||7f^7lU 2 ,h < c i an d |7{)%|/i < c\. □ 



Proof of Proposition \6.Q . As in the proof of Theorem |6.1| all parameters are rotated 
by 9 in the complex plane, but here we simplify notation by writing b, j3, A, r, T in place 

a£b(e),p(e),\(9),r(e),r(e). 

Claim: Define f)j as before (above ( |7.16| )). There exists cl such that 

||^, 7 IU^ < C£||r(/3 i _i)||5|6 i _i| 

< ct|A,-| 2 ||r03#-i)ll 3 |«^-i|- (7-17) 
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By ( |7.11| ), r is a function of 7r main and 7^ and j r , and note that f lr = r main tlv . By 
Lemma [7.81 , there are uniform bounds on the w 2 , h and f) norms of r ma i n in the disk 
|7r mai J|fr| < ch~ A . By the Cauchy estimate and (|7.11 ), 



Domain ,7„ ||wj 2 ,/i 

<c L \\C\\ 2 \b\ : I 

^main ,7„ | f) 

We obtain the same estimates on the j v derivative of f because ( [7.1 3| , |7.14| ) are uniform 
on a disk \j v \\b\ < ch~ 4 . 

Consider the 7 r derivative of f. The derivative of the second term in ( |7. 1 1| ) is 



where there is no sum over x and x = because r x>Jr = unless x = and then 

r. 



Z,7r 



r ' 7r . The absence of the sum over x saves a factor of L 4 when the argument 
leading to (|7.12|) is repeated so that 

\\S( e - v ) G ^Sr Xj7r \\ w 2 j2h < cL" 6 ||r 7? .|U ih , 

and the same factor L 4 is also saved in estimating the f) norm. These terms are the 
dominant contribution to the 7 r derivative of f: recall the w 2 , 2h estimate on the third 
term in (|7.11|) in the proof of Proposition [7.9| . It is uniform on the disk ||7 r ?" 7r \\ Wj h < 
IklU./D so that the 7 r derivative of this term is bounded by CLUrH^Hr^ This can 
be absorbed into a small change in the constant c in cL -6 ^^,,,^ because r is small by 
( |7. 16| ) . The 7 r derivative of the fourth term can also be absorbed because it is down in 
norm by h~ 2q with q — 1. In summary, 

||^ 7 IU 2 ,2/i ' 7 1 1 iv. h 

\f 7 W < cl||C|| 3 |A|>| + cL-\\)' /^r^ + cxIICII^-^II^H^, 

where the second equation is obtained in the same way using the f) norm and q = 5. 
By this estimate and parts (ii) and (iii) of Corollary [7.10 , 



i 



< CL ITO-) II I + cir b || 

Tj,"f II w,hj 



^+1,7^+1 < ct||rOa,-)|| 3 |A,-| 2 |6il + cL- fl (WW 8 l'-i,7lfe +^11 Vir, v 



where, in the first estimate, the term ||f|| U) 2 ft |'0 7 |/j of Corollary |7.10| was absorbed by 
a change of constant into CL||r(/3)|| 1//2 |ft|, using Claim 1' and |A||t5 7 |/, < c|6|. Likewise, 
in the second estimate, the term |r|^|6 7 |^ was absorbed into cl||C|| 3 |A| 2 |&|. The claim 
( [7.17] ) follows by induction (c.f. the proof of ( |7.16| )). 

By Corollary [7.10j (i), Claims 1 and 1', and the estimates above on f 7 , 

K - <k ^ c ill r i-ill 3 l Vil 2 l 6 i-il- 

We change the indices j — 1 to j on the right by increasing cl- By the definition of 
e*j in Section H, \v y — u 7 |tj- dominates |e ,j|, |ei,j|f) 2 and |e 2 j|f) 4 . Solving the inequality 
for the concludes the proof of Proposition IO|. □ 
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A Convolution of Forms and Supersymmetry 



Convolution f,g—+ J f(u — v)g(v) dv of functions has a natural extension to forms. 
Furthermore many associated facts such as the closure of Gaussian functions under 
convolution also have form analogues. This is because functions and forms both pull 
back under the map 

u,v^u-v, C N xC N ^C N . (A.l) 

To make this extension we first must define the integral of a form over a linear 
manifold of dimension less than the form. Thus, suppose V is a complex linear subspace 
of C m and uj is an integrable form on C m . Given any complementary subspace V x we 
define a form j v uj on V 1 - by requiring that 



UJ UJ = UJ UJ 

Jv Jc m 



holds for all uj 1 - on where, on the right-hand side, uj 1 - is the form on C m obtained by 
pulling back the projection from C m ~ V 1 - © V to V L . Taking V = C A/ as a subspace 
of <C N+M we have the following form analogue of a familiar Gaussian identity: 

Proposition A.l. Let A be a matrix on C N+M = C N x C A/ with positive real part. 



Define the quadratic form Sa as in ( \2.1\) . Then 



where A u is the N x N matrix obtained by inverting (A with indices restricted to 
1 < i,j < N. 

The partial integration over complex linear subspaces has the following desirable 
property: 

Lemma A. 2. If uo is a smooth, rapidly decaying form, then Q j v u = j v Quj. 
Proof. 



uj j Quo = I uo Quj 
v x Jv Jc m 

Since Q is a derivation and j Qiuj^uj) = 0, the right-hand side is — J^^Quj^uj. Since 
V and V 1 - are complex linear, this is the same as 



Therefore, 



(Qu x ) u= w x Q / UJ. 
v 1 - Jv Jv 1 - Jv 



uj I Quj = uj Q j uj. 
Jv Jv 1 - Jv 
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This proves the claim because uj 1 - is arbitrary. □ 
Proof of Proposition XTj . Let (u,v) G x C M . exp(— Sa) is a Gaussian times a 



sum of constant forms. Since Gaussian functions remain Gaussian when variables are 
integrated out, 

-Sa c -uA u u 



e A = e u uU x some constant form uj. 

The covariance of a normalized Gaussian is always the inverse of the matrix in the 
exponent. This identifies A u because the covariance of the u variables is not changed 
by integrating out v. By Lemma |A.2| , Q(exp(— uA u u)uj) = 0. Multiply both sides of 
this equation by exp(uA u u + duA u du/(2m)) which is super symmetric and therefore 
commutes past Q. Therefore, 

Since the only constant forms annihilated by Q are constants, 

UJ = Const e -duA u du/(2iri) _ 

Therefore 

e ~ s A — C onst e - uA v, a - duA u-du/(2iri) 



The constant is one because the integral of both sides over C is one by Lemma |2.1|. □ 



Next comes the form analogue of the well known closure property of Gaussian 
convolutions. Sa(u — v) denotes the pullback of Sa by the map ( |A.1| ). 

Corollary A. 3. 



e -S A {u-v) e -S B {v) _ e -S c {u) 



with C 1 = A 1 + B 1 . The integral is over v G C^. 



Proof. Apply Proposition [A.l| noting that the left-hand side is a Gaussian form exp(— S^) 
with 



.4 



A, -A 
-A, A + B 



whose inverse is 



A- l + B-\ B- 1 
B~\ B- 1 



□ 

We conclude with a characterization of supersymmetric forms on C. 

Lemma A. 4. (i) If uj is a smooth even supersymmetric form on C then uj = /(r) for 
some smooth function f. (ii) If uj is a smooth odd degree supersymmetric form on C 
then uj = f(r)((j)d(j) + 4>d(p) for some smooth function f . 
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Proof, (i) Any even form can be written as u = a + b dcj) dcj>, where a, b are functions of 
cj>. Then 

Quo = a^dcj) + dcj) — (27ii)bcj> dcj) — (2ni)b dcj) <fi. 

Therefore super symmetry implies that the partial derivatives satisfy = 2nicj)b, = 
2iricj)b which implies there is / such that a = f(cpcp) and b = (27ri)~ 1 /' (cj>cj)) . Therefore 
uj = /(t). (ii) Away from <j> = we can write u = acj> dcj) +bcj> dep. Quj = implies a = b 
and then Qa = 0, so a = a(r). □ 



B Dirichlet Boundary Conditions 

U A,l3 (x) = G^ =0 (/3,x) is the j3 potential for the hierarchical Levy process u(t) killed on 
first exit. Recall that the Hierarchical lattice is invariant under the map L" 1 which is the 
shift x i — > x + Gi, or equivalently, when x = (. . . ,X2, xi, xo), L~ x x = (. . . , x$, X3, xi). 
This map induces a scaling S that acts on Green's functions by SU(x) = L~ 2 U(L~ l x) 
and on (3 by L 2 (3 = L 2 (3. We also define A/L = {Sx\x G A}. 
The main result for this section is the scale decomposition 

U A {{3, x) = SU A/L {L 2 (3, x) + r(/3, x), 

where 

r(A*) = ^(i C o-^), 

and 7 = 1 for the four dimensional hierarchical process. This is the only property of 
the hierarchical Levy process that is used in the renormalization group analysis. The 
remainder of this section is provided for a completeness but plays no further role in the 
paper. 

Recall from [ |BE192| | , that conditional on jumping, the probability of jumping from 
x to y is proportional to |x|~ 6 . This jump law was chosen because it makes the process 
scale in the same way as random walk on a four dimensional simple cubic lattice, namely 
for N = 00, we have U^ =0 (x) oc \x\~ 2 . The jump rate r is chosen so that the constant 
of proportionality is one. Equation (|3.4j) is an immediate consequence of 

Proposition B.l. 

N-l 

U A >?(x) = ^^r(^,x) + (r + 5 Ar /?)^ 1 5 Jv l eo (x) 
3=0 

Proof. We will prove a more general result by considering a unit ball Gi with n elements 
and 

q(x — y) = c\x — y\~ a , = if y = x. 
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Note that 



/ q(x) dx = 1 - n k L 



k T —Oik 



By repeating the proof of Lemma 2.2 on page 89 of [pEI92|| , taking into account 
the killing, we find 



with 



E A ((u;(tU» = exp(-^(0), 



= r — r / q(x)(x,£)dx. 

J Qn 



Since J qdx = 1 



= r / q(x)[l — (x, £)] dx + r / q[x) dx. 
'Qn JQ\Qn 



Case: £ G TLn- Recall from [BEI92|| that the dual ball Hj is defined by: £ G Hj if 
= 1 for every x G Therefore, for £ G Tijv, 



m = T f q(x)ix = rn » L 

JQ\Qn 



N T-aN 



Cases: £ G Hj \ T~tj+i, with j = 0, 1, ... N — 1. By the calculation starting at the 



bottom of page 89 of [BEI92 



r N 

/ q(x) [1 - (x 7 0} dx = cn j+1 L- a( - j+1) + c ^ L 

J g N k=j+2 



- ak (n k - n k -^ 



Therefore 



= rcn 



cn j+i L -*(j+i) + / q ( x )dx. 

' Gn\Qj+i 



j+ l L -a(j+l) +r f g ( x j dx = 7n i L -«i_ 



where 7 = r(l + c)nL a is the same as the 7 in [BEI92 



Therefore, using l Wj — ln J+ i to isolate these cases: 



N-l 



W + HO)' 1 = X> + lriL- a iy\l H] - l Hj+1 ) + {(3 + rn N L- aN )- l l 



Hn • 
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Then we invert the Fourier transform using lemma 2.1 in [ |BE192 

N-l 

= + ; // - + (P + rn N L- aN )- l n- N lg N . 

3=0 

The proposition now follows by choosing a,n so that n = L a ~ 2 and obtain 

N-l 

U^(x) = Yn-W T(pL^,^)+n- N L^(r + pL 2N )-% (^), 



j=0 

and then setting a = 6. □ 

Remark Choosing a, n so that n = L a ~ 2 and n = L d gives the canonical scaling factor 
n~^L 2 ^ = L~( d ~ 2 ) so that the infinite volume potential (N — > oo) with /3 = is 

CO 

3=0 

for x 7^ and d > 2. We choose r and thereby 7 = r(l + c)nL~ a so that p = 1. This 
requires, as in 



BEI92 



1 — L~ 2 1 - L~ 2 1 - L 2 ~ a 

7 



1 - L 4 " Q 1 - L^ a 1 - L" a 

C Calculations for Proposition |5Tl| 

To classify the different algebraic expressions that result from carrying out the deriva- 



tives in the formula in Lemma [5.2| we introduce the Feynman diagram notation. The 
diagrams 



all represent ^ r x . The incoming vector symbolizes the <p x and the ip x and the outgoing 
vector symbolizes the <f) x and ip x . The vectors are called legs. The common vertex 
signifies the single sum over x and the sum over a term <p x <j) x and a term ipx^x, whereas 
two vertices close together as in the two diagrams 



represent J^t 2 , in which there is a single sum over x but each r x is a sum of two 
contributions 4> x 4> x and ip x ip x . The action of the Laplacian Ar on T x i s symbolized 
by joining an outgoing leg to an incoming leg as in 



(C.l) 
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The second two diagrams each contain a closed loop. This closed loop is a factor of 
Apr = in the algebraic expression represented by the diagram: the anticommuting 
ip derivatives in Ar give a contribution that exactly cancels the contribution from the 
<f> derivatives. Closed loops are always a factor which is the sum of two canceling 
contributions so diagrams containing closed loops will not be exhibited. 

We classify all the terms that arise by applying A r by drawing all possible diagrams 
with k pairs of consistently oriented legs joined. A joined pair of legs is called a line. 
Each line is associated to a factor T(x, y) coming from Ap. Consistently, a line joining 
legs at the same vertex carries the factor F(x — x) from Ar- 

Set 7 = so that there is no observable and consider 



Vy. 



By ( |C.1D , ArV^ involves two non- vanishing diagrams, but since both diagrams represent 



the same algebraic expression, AT(0) ^2 t x , we write one diagram with the combinatoric 
coefficient 2, 



V l := e^V = \S +2 



The graphical representation for |Vi Ar V\ is 

4\^v/ +8 \/^/\ +4 r-^^/\ 

/\ /\ /\ Ay vA Ay. 

First diagram: any of 4 legs in left-hand vertex pairs with either of 2 legs in right-hand 
vertex and prefactor |. Second diagram: any of four legs pairs with one leg, prefactors 
|2 and a factor 2 because we can interchange the 4 leg vertex with the 2 leg vertex. 
Third diagram: either of 2 legs can pair with one leg, prefactors |4. 

The graphical representation for \yVi A r V\ is 

/^y\ /v_Ay . 

First diagram: there is already a factor of 4 in the first diagram in \Vi Ar Vi, there is 
one way to add additional line to obtain this topology, prefactor ^ Second diagram: 

same. Third diagram: there is a factor of 4 in the second diagram in |Vi Ar Vi, 
there are two ways to add additional line to obtain this topology, prefactor ^. Fourth 

diagram: there is a factor of 8 in the third diagram in |Vi Ar Vi, there is one way to 
add additional line to obtain this topology, prefactor h. 

^3 

The graphical representation for \-^V\ Ar V\ is 

4 
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There is 2 in first diagram in A-p /2Vi, there are 2 ways to add one more line. 

<^2 

There is no way to add an additional line to the second diagram in ~Vi Ar /2Vi. There 

«2 

is 4 in third diagram in ~Vi A r /2Vi, there are 2 ways to add one more line. The total 
is 12, there is pref actor | in ^. 

For p > 3, V\ A r Vi = 0, therefore 

S-Vx Ar V\ = L~ 2 Bi\ 2 r 3 = because B l = 
2 

S~Vi A r 7 X = 8B 2 X 2 t 2 + AB 2 B L 2 X 2 r x 

11 ^ 

A r T4 = 4B 3 L 2 \ 2 t x , 

so that 

A = A - 8B 2 X 2 

(3 = L 2 [3 + 2B L 2 X - 4L 2 B 2 B X 2 - 4L 2 B 3 X 2 . 

There are three cases to consider for the observable. Case (1) there have been fewer 
than N(x) — 1 iterations so that the observable is — 7&ij0o<Az- with \xj\ > L. Here 
we know by Lemma |3.5| that b it j = L~ 2 i and b±j = b 2 j = and there is no need to 
calculate anything. Case (2) j > N(x). For this case v contains the additional terms 

~l(bo + &10O0O + b 2 T (j)o(j) + 6 3 r ). 

Therefore in SV± we have the additional terms 

-6 - hL- 2 (j)0 - b 2 L~ A rct)4) - r(0)6i - 0(T 2 )b 2 - 2r(0)6 2 #, 

where we have omitted and j subscripts. Terms of the form br have been omitted 
for reasons explained at the end of Section |j. In the second order part SQ\ we have 
additional terms 

0(r 3 )A6i + 0(T A )Xb 2 + (0(r 2 )A6i + 0(r 3 )A6 2 ) £~ 2 </>0 + 0(T 2 )Xb 2 L-^T. 

There is no 0(r)A6i contribution to b 2 because B\ = 0. 

Case (3) j = N(x) — 1. This is almost the same as case (2), but with b 2 j vanishing. 
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